ON THE ALGEBRAIC CLASSIFICATION OF MODULE SPECTRA 



IRAKLI PATCHKORIA 

Abstract. Using methods developed by Franke in [7], we obtain algebraic classification results 
for modules over certain symmetric ring spectra (S'-algebras). In particular, for any symmetric 
ring spectrum R whose graded homotopy ring tt*/? has graded global homological dimension 
2 and is concentrated in degrees divisible by some natural number N > A, we prove that the 
homotopy category of /{-modules is equivalent to the derived category of the homotopy ring 
TT.iJ. This improves the Bousfield-Wolbert algebraic classification of isomorphism classes of 
objects of the homotopy category of _R-modules. The main examples of ring spectra to which 
our result applies are the p-local real connective /f-theory spectrum fco^pj , the Johnson- Wilson 
spectrum E{2), and the truncated Brown-Peterson spectrum BP(l), for an odd prime p. 



1. Introduction 

In [2] Bousfield gave an algebraic classification of isomorphism classes of objects in the E{1)- 
local (or. equivalently, A'(p')-local) stable homotopy category LiS for an odd prime p. For this 
he used a certain fc-invariant coming from a (i2-difFerential of the £'(l)-homology Adams spectral 
sequence. Bousfield also tried to describe morphisms in iiS but only managed to characterize 
them up to Adams filtration. 

In [7] Franke, using the language of triangulated derivators, proved an abstract uniqueness 
theorem for triangulated categories possessing an Adams spectral sequence. Applying this result 
to iiS (for an odd prime), he obtained an equivalence of categories between LiS and the derived 
category of certain twisted chain complexes of £^(l),£'(l)-comodules. (For a streamlined exposition 
of this result see [T5].) This gives a complete algebraic description of the category LiS and thus 
improves the aforementioned result of Bousfield. Moreover, as is shown in [18], this equivalence is 
exotic in the sense that it does not come from a zig-zag of Quillen equivalences. 

A similar classification result to that of Bousfield for module spectra was obtained by Wolbert 
in |21| . More precisely, let i? be a symmetric ring spectrum (or an 5'-algebra) and suppose that the 
(right) graded global homological dimension of the homotopy ring 7r,i? is less or equal than two. 
Suppose further that n^R is concentrated in dimensions divisible by some natural number N > 2. 
Under these assumptions, Wolbert gives an algebraic characterization of isomorphism classes of 
objects in the derived category 'D{R) [21\ Theorem 6]. The main example of a ring spectrum to 
which this can be applied is the p-local real connective iiT-theory spectrum fco(p) for p an odd 
prime. 

Note that Wolbert, like Bousfield, did not give a complete algebraic characterization of mor- 
phisms in 2?(i?). Consequently, a natural question arises whether one can apply Franke's methods 
to improve Wolbert 's classification. One of the aims of the present paper is to examine this 
question. 

Let i? be a symmetric ring spectrum. We say that an object X of 'D(R) has dimension k if 
the projective dimension of the homotopy n^X regarded as a graded Tr^ii-module is equal to k. 
Similarly, we say that an object M in the derived category 2?(7r*i?) (i.e., a differential graded 
7r»i?-module) has dimension k if the projective dimension of the homology H^:A1 regarded as a 
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graded 7r,i?-module is equal to k. The main aim of this paper is to give a self-contained homotopy 
theoretic proof of the following theorems: 

Theorem 1.1.1. Let R be a symmetric ring spectrum. Suppose that the graded homotopy ring 
7r»i? is concentrated in dimensions divisible by a natural number N and assume that the (right) 
graded global homological dimension of n^R is less than N. Then one can construct a functor 

Si: V{-K^R) — > V{R) 

such that the following hold: 

(i) The diagram 

V{-K,R) V{R) 

H. 

Grmod-7r,i?, 

where Grmod-7r»i? denotes the category of (right) graded ir^R-modules, commutes up to a natural 
isomorphism. 

(ii) The functor S^ : ^(k^R) — > T^{R) restricts to an equivalence of the full subcategories of at 
most one- dimensional objects. 

(iii) Let X S 'D{R) and suppose that X has dimension at most two. Then there exists M in 
T>(k^R) such that SI (M) is isomorphic to X in D{R). 

Theorem 1.1.2. Let R be a symmetric ring spectrum. Suppose that the graded homotopy ring 
TT^i? is concentrated in dimensions divisible by a natural number N and assume that the (right) 
graded global homological dimension of n^R is less than N — I. Then the functor 

Sg: V(k.,R) — > V{R) 

restricts to an equivalence of the full subcategories of at most two-dimensional objects. 

In particular, we have 

Corollary 1.1.3. Let R be a symmetric ring spectrum. Suppose that the graded homotopy ring 
■Kf^R is concentrated in dimensions divisible by a natural number N > 4 and assume that the (right) 
graded global homological dimension ofn^R is equal to two. Then the functor 

Si: V(k.,R) — > V{R) 

is an equivalence of categories. 

This corollary improves Wolbert's classification f |21l Theorem 6]) for > 4. 

Note that similar results hold for differential graded rings and our proofs work in this algebraic 
setting as well (see Remark l6.4.4p . 

The functor SP.: T>(k^,R) — > T^iR) is in fact Franke's functor for the special case of T>{R). 
Franke constructs his functor for general triangulated derivators possessing an Adams spectral 
sequence, and claims that it is an equivalence of categories [Tj 2.2, Proposition 2]. If this is so, 
then under the hypotheses of ll.l. li the functor T>{tt^R) — > T>{R) becomes an equivalence that 
trivially implies II. 1.11 and 11.1.21 However, as far as the present author can see, the proof of [71 
2.2, Proposition 2] seems to contain a gap (see Remark l6.3.ip which we were unable to fill in the 
general setting. However, we managed to eliminate this gap in low dimensional cases and thus 
obtained the statements of ll.l.ll and ll.l.2l 

Note that for the construction of ^ we adopt the methods of [TH|. In particular, we use 
the language of model categories rather than that of derivators which is used by Franke. This 
technically simplifies our exposition. 

For n < 2{p — 1), the Johnson- Wilson spectra E{n) are non-trivial examples of ring spectra 
to which Theorem II. 1.11 can be applied. Further important examples are the truncated Brown- 
Peterson spectra BP{n) for n -|- 1 < 2{p — 1). (For all primes and any n, E{n) as well as BP{n) 
admit j4oo -structures (see e.g. [T3]) and thus possess models which are symmetric ring spectra.) 
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Note that for all these ring spectra the functor ^ is not a derived functor of a Quillen functor (see 

113). 

Examples of ring spectra which fulfill the hypotheses of 11.1.31 are the p- local real connective 
JsT-theory spectrum fco(p), the Johnson- Wilson spectrum E{2), and the truncated Brown- Peterson 
spectrum BP{1), for an odd prime p. We show in 14.21 that all these examples are exotic in the 
sense that the equivalence ^ does not come from a zig-zag of Quillen equivalences. 

The paper is organized as follows. In Section [2] some basic facts about triangulated categories 
and model categories are recalled. Next we briefly review stable model categories and give exam- 
ples which are important for our purposes. Furthermore we recall model structures on diagram 
categories and long exact sequences of a homotopy pullback and homotopy coequalizer. 

In Section [3] the functor ^ is constructed and ll.l. J] (i) is proved. In fact, we define ^ in a more 
general setting of stable model categories. The most complicated step in the construction of ^ is 
discussed in Subsection 13. 31 which concerns Franke's crowned diagrams (see 12.5.5)) . At the end of 
Section [3] we verify that the functor commutes with suspensions. 

In Section |4] we recall the notion of a derived mapping space and prove a proposition which 
gives a sufficient condition for 1% not being a derived functor. We also discuss some non-trivial 
examples to which [T. 1 . II applies. 

Section [S] is devoted to the proof of II. 1.11 (ii). As a corollary we get that under the hypothesis 
of II. 1.11 the functor 'D{tt^R) — > T^{R) is an equivalence of categories if the graded global 
homological dimension of ir^R is equal to one. The complex i^T-theory spectrum KU and the 
connective Morava /C-theory spectra fc(n), n > 1 serve as our main examples here. 

Finally, in Section [H] we prove II. 1.11 (iii) and 11.1.21 We also discuss non-trivial examples to 
which 11.1.31 applies. Note that the key results in this section are 16.2.11 and 16.2.41 which fill the 
aforementioned gap in the proof of [71 2.2, Proposition 2] for the two dimensional case. 
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2. Preliminaries 

2.1. Notation. 

2.1.1. Simplicial objects. The category of simplicial sets is denoted by sSet. For n > 0, A[n] 
stands for the standard simplicial n-simplex. Next, ii K is a simplicial set and x g Kn-, then we 
denote again by x the unique simplicial map A[n] — > K which sends the generator of A[ri] to x. 

The letter / stands for A[l] and /+ for the union of A[l] with a disjoint base point. denotes 
the pointed simplicial 0-sphere, i.e., the union of the standard 0-siniplex with a disjoint base point. 
Further, 

ino, ini : — > /+ 

are our notations for obvious maps sending the non-base point of to (0) and (1), respectively, 
denotes the simplicial circle //(O ^ 1), i.e., A[1]/9A[1]. 

2.1.2. DG modules and graded modules. For any differential graded ring A, we denote by Mod-A 
the category of differential graded right A-modules. In particular, for any graded ring B, we have 
the category Mod-B, where B is regarded as a differential graded ring with zero differential. 
Further, for any graded ring i?, Grmod-_B stands for the category of graded right modules over 
B. For any X G Grmod-i?, proj.dimAT denotes the graded projective dimension of AT, and 
gl.diml? the (right) graded global homological dimension of B. 
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2.1.3. Morphism objects. If T is a triangulated category and X,Y T, then llomj-{X, F)* is our 
notation for Hom7-(S*X, F), the graded Horn. Next, for a stable model category M and objects 
X,Y G A4, the abelian group of morphisms from X to Y in the homotopy category is denoted 
by [X, Y] . (The notions of a triangulated category and a model category will be recalled in the 
following subsections.) 

2.2. Triangulated categories. 

Let 7~ be a category equipped with an endofunctor S : T — y T. A triangle in T with respect to 
E is a sequence 

f 9 „ h 



X 



■Y ■ 



A morphism (a, /3, 7) : (/, 9, K) — >■ {f , g' , h!) of triangles is a commutative diagram 

f 9 ^ h 



X 



X' 



Y 







7 




1, 9' ! 





■Y' ■ 



SA'. 



A morphism (a, /3, 7) is an isomorphism of triangles if all three components are isomorphisms. 

Definition 2.2.1. A triangulated category is an additive category T together with a self-equivalence 
S : T — > T and a class of triangles, called distinguished triangles, which are subject to the fol- 
lowing axioms: 

1 



(Tl) (i) For any A £ T, the triangle X ■ 



X ^ ^ EA is distinguished. 

f 9 „ h 



Y is part of a distinguished triangle X 



(ii) Any morphism / : A 

(iii) Any triangle isomorphic to a distinguished one is itself distinguished. 



Y 



Z- 



EA . 



(T2) A triangle X ■ 



Y 



Y 



■Z- 

9 



EX is distinguished if and only if the triangle 



EA- 



EF 



IS. 



(T3) If the rows are distinguished triangles and the left square commutes in the diagram 



X 



X' 



f 



Y 



Z- 
I 

I 7 



EA 

EA', 



then there is a morphism 7 that makes the middle and right squares commute. 

(T4) (Octahedral axiom) If (/i, gi, hi), (/2, S2, ^2) and (/s, (73, /13) are distinguished triangles, /i 
and /2 are composable and /s = /2/1, then there exist morphisms a and (3 such that (a, /3, Egio/i2) 
is a distinguished triangle and the diagram 



A 



A 



fi 



Y- 



91 



w- 



92 



U- 

h2 

EF ■ 



■ Z- 

I 

I a 
V 

V- 

I 

I /3 
Y 



EA 



EA 
EF 



Egioh2 

EZ 



commutes. 
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Next we recall the notion of a homological functor. 

Definition 2.2.2. Let T be a triangulated category and A an abelian category. An additive 
functor F : T — > A is said to be homological if any distinguished triangle 



f Q h 



yields a long exact sequence 



^ F{X) ^ FiY) ^ F{Z) ^ F{^X) ^ • ■ ■ ■ 

As is shown in [5J IV. 1], the triangulated category axioms imply 
Proposition 2.2.3. For any object X of a triangulated category T , the representable functor 

Homr(X, -)* : T — > Grmod-Endr(X)* 
is homological (Here End7-(X)* denotes the graded endomorphism ring of X.). 

Definition 2.2.4. Let T be a triangulated category with infinite coproducts. An object P G T 
is compact if the functor Hom7-(P, — ) commutes with arbitrary coproducts. One says that P is a 
compact generator if it is a compact object and in addition Hom7-(P, X)^ = implies that X = 0, 
for any X € T (or, equivalently, the functor Hom7-(P, — : T — !■ Grmod-End7-(P)* reflects 
isomorphisms). 

The following lemma is well known (See e.g. [TJ Lemma 5.17 and Proposition A. 4]. Although 
Lemma 5.17 in [1] is stated for the derived category of a differential graded algebra, the proof 
given in [T] can be equally applied to general triangulated categories.). 

Lemma 2.2.5. Let T be a triangulated category with infinite coproducts and P Cz T a compact 
generator. 

(i) If F Cz T and Hom7-(P, P)^ is a projective F,iid-j-{P)^, -module, then the map 

Homr(P, -)* : Homr(F, X) HomEndr(P). (Homr(P, F)*, Homr(P, X),) 

is an isomorphism for any X £ T. 

(ii) For any projective graded liiiid-j-{P)^-module M , there exists G gT such that 

Homr(P,G). ^ M 

in Grmod-End7-(P)* . 

Next, using Lemma [2.2.51 one gets 

Proposition 2.2.6 (The Adams spectral sequence). Suppose T is a triangulated category with 
infinite coproducts and P £ T a compact generator, and assume that the graded global homological 
dimension o/End7-(P)* is finite. Then there is a bounded convergent spectral sequence 

Pf = Ext|„j^(p)jHomr(P,X),,Homr(P,y)*M) ^ Homr(^, E^+'F). 

In fact, Proposition 12 . 2 .61 is a special case of 0] 4.5]. 

2.3. Model categories. 

In this subsection we recall some basic properties of model categories and simplicial model cate- 
gories. 

A model category is a bicomplete category equipped with three classes of morphisms called 
weak equivalences, fibrations and cofibrations, satisfying certain axioms. We will not list these 
axioms here. The point of this structure is that it allows one to "do homotopy theory" in M. 
Good references for model categories include [S] and |12j . 

The fundamental example of a model category is the category sSet of simplicial sets ([T7], [HI 
1.11.3]). Further important examples are the category Top of topological spaces ([T7], [T^ 2.4.19]) 
and the category Ch(A') of chain complexes of modules over a ring K [TH 2.3.11]. 
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For any model category A^, one has the associated homotopy category Ho(A^) which is defined 
as the locahzation of with respect to the class of weak equivalences (see e.g. |121 1.2] or [5]). The 
model structure guarantees that we do not face set theoretic problems when passing to localization, 
i.e., Ho(A^) has Horn-sets. Note that Ho(A^) admits other equivalent descriptions as well. For 
example, Ho(A^) is equivalent to the homotopy category of cofibrant objects. More precisely, let 
A^cof denote the full subcategory of cofibrant objects in Ai. Then Ho(7M) is equivalent to the 
localization A^cofiVV^^], where W is the class of weak equivalences in Aicoi- This description 
of the homotopy category is most convenient one for our exposition, and therefore we make the 
following 

Convention 2.3.1. In what follows, we let Ho(A1) denote the category A^cof[W~^]. 

Note that the class W admits a calculus of left fractions [T7j . This is one of the advantages of 
Convention 12.3.11 

Further, recall the definition of a Quillen adjunction. 

Definition 2.3.2. A Quillen adjunction between two model categories A4 and A/" is a pair of 
adjoint functors 

F: M - — -G , 

where the left adjoint F preserves cofibrations and acyclic cofibrations (or, equivalently, G pre- 
serves fibrations and acyclic fibrations). 

We refer to _F as a left Quillen functor and to G as a right Quillen functor. Quillen's total 
derived functor theorem (see e.g. [T7] or [51 2.8.7]) says that any such pair of adjoint functors 
induces an adjunction 

LF: V\n{M) - ^ Hn(A/-) : RG . 

The functor LF is called the left derived functor of F and RG the right derived functor of G. 
If liF is an equivalence of categories (or, equivalently, RG is an equivalence), then the Quillen 
adjunction is called a Quillen equivalence. 

Convention 12.3. 1] allows us to give a very simple description of L_F. Indeed, the functor 

P\Maa! ■ -^COf > Afcoi 

preserves weak equivalences |12[ 1.1.12] and, therefore, it induces a functor between the localiza- 
tions. This functor is exactly LiF in terms of 12.3.11 

An important class of model categories is the class of simplicial model categories [51 2.3]. These 
are model categories which are enriched, tensored and cotensored over sSet and which satisfy 
Quillen's axiom SM7 [51 2.3.1] (or, equivalently, the pushout product axiom [51 2.3.11]). If a 
simplicial model category A4 is pointed, i.e., the terminal object is isomorphic to the initial one, 
then A4 is enriched over the category sSet* of pointed simplicial sets. In particular, we have the 
functors 

^A-: sSet,xM ^ M, Map^ (-,-): x A/( ^ sSet* . 
and the adjunction 

RomM (K AX,Y) = Hom.set. {K, Map^ [X, Y)). 

Remark 2.3.3. It follows from the axioms of pointed simplicial (model) categories that for any 
n > and X,Y Cz Ai, there is a canonical natural isomorphism 

Map^ {X, Y)„ = Hom^^ (A[n]+ AX,Y), 

where A[?7]-|_ is the union of A[n] with a disjoint base point. For any element 9 in Map^(A, Y)n, 
the corresponding morphism A[n]_|_ A X — > Y will be denoted again by 0. 
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2.4. Stable model categories. 

Recall ([l7], [T21 6.1.1]) that the homotopy category Ho(A1) of a pohited model category A4 
supports a suspension functor 

S: Ho(A^) — > RoiM) 

with a right adjoint loop functor 

n-. Ro{M) -^Ro{M). 

Definition 2.4.1. A stable model category is a pointed model category for which the functors E 
and n are inverse equivalences. 

Remark 2.4.2. If is a pointed simplicial model category, then the suspension functor 

E: Ho(X) ^Ho(X) 

admits a very simple description. Indeed, by the simplicial model category axioms the functor 

M—>M 

is a left Quillen functor. Then E can be defined as the left derived functor of 5^ A — . 

Note that if Ai is stable, then the homotopy category IIo(AI) is a triangulated category \12\ 
7.1.6] with E a shift functor. We will now recall the construction of distinguished triangles in 
Ho(y\4) in the case when Ai is simplicial. 

Definition 2.4.3. Suppose is a simplicial stable model category and /: X — > Y a morphism 
in A^cof- The pushout of / along the morphism 

incl Al : X^S° AX — > (1,0) AX 

is called the mapping cone of / and is denoted by Cone(/). 

Thus Cone(/) comes with the pushout square 

X 



(/,0) AX— ^Cone(/). 
Furthermore, the universal property of pushout implies that there is a commutative diagram 

(1,0) AX 




where tt: / — > is the projection. 

Definition 2.4.4. Let be a simplicial stable model category and /: X — > Y a morphism in 
Mcof- The elementary triangle associated to / is the triangle 

X Y Cone(/) a X. 

A triangle 

A ^ B ^ C ^ EA 

in }io{A4) is called distinguished if it is isomorphic to an elementary one. 

The distinguished triangles together with E define the triangulated structure on Ho(A^). 
Now let us give some examples of stable model categories which are important in what follows. 
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Example 2.4.5. For any ring K, the category Ch{K) of unbounded chain complexes of modules 
with the projective model structure is a stable model category fT2[ 2.3.11]. The weak equivalences 
and fibrations in this model structure are quasi- isomorphisms (i.e., homology isomorphisms) and 
degreewise epimorphisms, respectively. 

Example 2.4.6. Let i? be a symmetric ring spectrum. The category Mod-i? of right R- 
modules admits a stable simplicial model structure |131 Corollary 5.5.2]. The homotopy category 
Ho(Mod-i?) is called the derived category of R, denoted by 'D{R). Note that i? is a compact 
generator of T>{R) and the representable homological functor associated to R is the homotopy 
group functor tt* : T>{R) — > Grmod-7r*i?. 

Example 2.4.7. Let yl be a differential graded ring. Then, by Example 12.4.51 and [TH 4.1], the 
category Mod-^ of differential graded right modules over A has a projective model structure 
in which the weak equivalences and fibrations are as in 12.4.51 This model structure is stable 
as well. The category Ho(Mod-A) is called the derived category of A, denoted by T>{A). The 
differential graded module ^ is a compact generator of V{A) and the representable homological 
functor associated to A is the homology iJ* : — > Grmod-H^,A. 

By [20l 2.15], there is a symmetric ring spectrum HA such that 'M.od- HA is Quillen equivalent 
to Mod-^. In particular, the derived category I?(j4) is triangulated equivalent to V{HA). Thus, 
from the point of view of model category theory Example 12.4.71 is a special case of Example 12.4.61 

Remark 2.4.8. Note that the triangulated structure on the derived category of a differential 
graded ring A, comes from the usual shift functor and algebraic mapping cone construction. More 
precisely, for any M E T^{A), the suspension of M, denoted by M[l], is given by 

M[l]„ = M„_i, d*^W=-d^ii. 

Obviously, M[l] inherits the structure of a graded right A-module from that of M (the action of 
A on M[l] is not twisted by a sign). Furthermore, it is clear that d^-^^^^ satisfies the Leibniz rule. 

Next, let /: M — > M' be a morphism of DG modules over A. The (algebraic) mapping cone 
C{f) of / is defined by 

(c(/))„ = a/„_i©m;, neZ, 

d{m, m!) ~ {—dm, f{m) + dm'). 

Clearly, C(/) inherits the structure of graded (right) A-module from that of M and M' , and the 
differential of C(/) satisfies the Leibniz rule. Thus {C{f),d) is a DG ^-module. Further, there 
are canonical morphisms of DG modules 

t:M'^C(/), i(m') = (0,TO') 

and 

d: C{f) ^ M[l], d{m,m') = m. 
These morphisms together with / : AI — > M' form a triangle 

M — ^ Af Ci f) M[l], 

called the elementary triangle associated to /. 

A triangle in P(A) is distinguished if and only if it is isomorphic to an elementary one. 

2.5. Diagram categories. 

We will use model structures on diagram categories throughout the paper. Therefore, we recall 
some facts and notions concerning them. 

Definition 2.5.1 (|T2l 5.1.1]). Let uj denote the poset category of the ordered set {0,1,2,...}. 
A small category C is called a direct category if there exists a functor / : C — > uj that sends 
non-identity morphisms to non-identity morphisms. 
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Definition 2.5.2 ( [121 5.1.2]). Suppose is a category with small colimits, C a small category, 
z an object in C and Cz the category of all non-identity morphisms in C with codomain z. The 
latching space functor '■ — > M is the composition 

^M^-^^M, 

where the first arrow is restriction. Note that we have a natural transformation 

LzX — > Xz 

for any fixed object z G C 

The following proposition is proved in jl21 5.1.3]. 

Proposition 2.5.3. Given a model category A4 and a direct category C, there is a model structure 
on Ai^ in which a morphism of diagrams f: X — > Y is a weak equivalence (resp. fihration) if and 
only if the map fz '■ Xz — > Yz is a weak equivalence (resp. fihration) for all z G C. Furthermore, 
f : X — > Y is an (acyclic) cofibration if and only if the induced map Xz Ul^x LzY — > Yz is an 
( acyclic ) cofibration for all z £ C. 

Example 2.5.4. Any finite poset P is a direct category. Therefore, for any model category Ai, 
we have the model structure 12.5.31 on . 

Example 2.5.5. Suppose A4 is a model category and > 2 a natural number. Let Cjv denote 
the poset consisting of elements j/?,;, (i\i £ X/NJj] such that Pi < Q and Pi < Ci+ii i-e., 

Cn-1 



Pn-1, 

and consider X G TW'". Then, by Proposition 12.5.31 X is cofibrant if and only if the canonical 
map 

LzX — > Xz 

is a cofibration in M for all z G Cn, i.e., if and only if X/j. is cofibrant and the induced morphism 

Xjj.^-^ V Xp. — > Xi^. is a cofibration, for any i G Z/A^Z. 

Example 2.5.6. The category 

is a direct category. Thus, by Proposition I2.5.3[ we get a model structure on the category of 
parallel arrows in Ai. 

It follows from \T2l 5.1.5] that for any model category Ai and direct category C, there is a 
Quillen adjunction 

colim: M : const, 

where colim is a left Quillen functor. 

Definition 2.5.7. The left derived functor of colim: A^'' — > Ai is called the homotopy colimit, 
denoted by 

Hocolim: Ho(A^^) — > Ho(X). 
If C is as in Example 12.5.61 then the homotopy colimit is called the homotopy coequalizer. 

Remark 2.5.8. Let C be a direct category (Definition l2.5.ip . If is a siniplicial model category, 
then so is Ai''' . Indeed, the mapping spaces for Ai'^ are given by the end construction [TBI IX. 5] 

Map^c(X,y)== / Map^(X,,y,). 

Jz£C 

The tensors and cotensors are defined levelwise. 
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2.6. Long exact sequences. 

In this subsection we recall the Mayer- Vietoris sequence of a homotopy pullback and the long 
exact sequence of a homotopy coequalizer. 

Lemma 2.6.1 (0). Let 




be a homotopy pullback square of pointed simplicial sets. Then there is a long exact Mayer- Vietoris 
sequence 

. . . ^ 7r„(A) 7r„(i3) X 7r„(C) n^D) A 7r„_i(A) ^ . . . 



Note that if 




is a pullback square of Kan simplicial sets and cj) a Kan fibration, then it is in fact a homotopy 
pullback. In this case the connecting homomorphism 



can be described as follows. 
Lemma 2.6.2. Suppose that 




is a pullback square of pointed Kan simplicial sets, and (f) a Kan fibration. Suppose further that F 
is the fiber of (j) md (3, and e : F — !■ A the inclusion. Then the connecting homomorphism 

d: 7r„(i?) ^7r„_i(A) 

of the Mayer- Vietoris sequence is given by the composite 

TTn{D) TTn-liF) TTn-liA), 

where d' is the connecting homomorphism of the long exact sequence of the fibration (f>: B — > D 
[H 3.5]. 

Lemma 2.6.3. Let 




be a homotopy pullback square of simplicial sets with A, B, C, D homotopy associative and homo- 
topy commutative H -spaces, and a, (3, (f>, ip H -space maps. Then the long exact Mayer- Vietoris 
sequence \2.6.1\ can be extended to the right by one further term. More precisely, there is a long 
exact sequence of abelian groups 



10 



Irakli Patchkoria 



. . . 7r„(A) 7r„(B) © 7r„(C) i^nJ^ ;r„(i?) A 7r„_i (A) ^ . . . 

...^7r,{B)(B TT.iC) i^l^ ^iP) A MA) 7ro(i?) ® 7ro(C) 7ro(i?). 

Next we recall the following 

Lemma 2.6.4. Let M be a stable model category and 

f h 
a 

a coequalizer diagram in Ai . Suppose that X is cofibrant and 

{f,g):XyX^Y 

is a cofihration (i.e., the given coequalizer is a homotopy coequalizer). Then there is a morphism 
6: Z — > T,X in Ho(A^) such that the triangle 

XJ^Y^Z^^X 

is distinguished. 

This lemma essentially follows from the remark at the end of Section 1.4 in [3] . 

Corollary 2.6.5. Let A4 be a stable model category, A an abelian category and F: }lo{A4) — > A 
a homological functor. Then any homotopy coequalizer 

f h 
a 

in A4 induces a long exact sequence 

^ ^(^) IMhlM, FiY) ^ F{Z) A ^ . . . . 

3. Franke's functor 
3.1. Formulation of main results. 

Suppose is a stable model category and P e Ho(A^) a compact generator. In the sequel we 
use the notation 

Ti^X = [P,X\, = HomHo(A^)(S*P,y). 
In particular, 7r*P denotes the graded ring [P, P]*. 

Remark 3.1.1. The suspension functor S: IIo(A^) — > IIo(7W) induces a natural isomorphism 
of graded 7r*P-modules 

7r*(SX) = (7r,X)[l]. 
Having this in mind, we identify 7r»(EX) with (7r»X)[l] in what follows. 

Definition 3.1.2. Suppose > 2 is a natural number. A graded ring B is said to be A^-sparse 
if it is concentrated in degrees divisible by N . 

Definition 3.1.3. Let 7W be a stable model category and P G a compact generator. We say 
that an object X S Ho(A^) is fc-dimensional (with respect to P) if the projective dimension of 
■KtfX in Grmod-7r*P is equal to k. 

Now we are ready to list the main results and their corollaries. 
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Theorem 3.1.4. Let A4 be a stable model category and P a fixed compact generator o/Ho(A^). 
Suppose that the graded ring t:^P is N-sparse and the (right) graded global homological dimension 
of TT^P is less than N. Then one can construct a functor 

M: V{t:^P) — > Ho(A^) 

such that the following hold: 
(i) The diagram 

V{tt^P) ^ Ho(X) 




Grmod-7r,P 

commutes up to a natural isomorphism. 

(ii) The functor 1% restricts to an equivalence of the full subcategories of at most one- dimensional 
objects. 

(iii) Let X £ }lo{M) and suppose that X has dimension at most two. Then there exists 
M 6 V{-K^,P) such that ^(M) is isomorphic to X in Ho(A^). 

Theorem 3.1.5. Let M. be a stable model category and P a compact generator o/Ho(A^). Suppose 
that the graded ring n^P is N-sparse and the (right) graded global homological dimension of tt^,P 
is less than iV — 1 . Then the functor 

^: V{-K^P) Ho(X) 

restricts to an equivalence of the full subcategories of at most two dimensional objects. 

In particular, we have 

Corollary 3.1.6. Let M be a stable model category and P a compact generator of Ho(A^). 
Suppose that the graded ring -k^P is N-sparse, the (right) graded global homological dimension of 
-KifP is equal to two and N > 4. Then the functor 

Si: V{tt^P) — > Ho(Al) 

is an equivalence of categories. 

Theorems 11.1. II and 11.1.21 are obtained as special cases of Theorem 13.1.41 and Theorem I3.1.5( 
respectively. Further, in view of 12.4.71 one has 

Corollary 3.1.7. Let A be a differential graded ring. Suppose that the graded homology ring H^,A 
is concentrated in dimensions divisible by a natural number N and assume that the (right) graded 
global homological dimension of H^^A is less than N. Then one can construct a functor 

Si.: V{H,A) -^V{A) 

such that the following hold: 
(i) The diagram 

V{H,A) ^ ^ V{A) 




Grmod-H^A 

commutes up to a natural isomorphism. 

(ii) The functor Si : T>[H:^A) — > T>{A) restricts to an equivalence of the full subcategories of at 
most one- dimensional objects. 

(iii) Let X S T^{A) and suppose X has dimension at most two. Then there exists M G V{H^A) 
such that Si{M) is isomorphic to X in V^A). 
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Corollary 3.1.8. Let A be a differential graded ring. Suppose that the graded homology ring H,,A 
is N -sparse and the (right) graded global homological dimension of H^A is less than N — 1. Then 
the functor 

V{H^A) -^V{A) 

restricts to an equivalence of the full subcategories of at most two-dimensional objects. 

Corollary 3.1.9. Let A be a differential graded ring. Suppose that the graded homology ring H^A 
is N -sparse, the (right) graded global homological dimension of H^,A is equal to two and N > A. 
Then the functor 

Si: ViH^A) ^V{A) 

is an equivalence of categories. 

The functor M is constructed in 13.31 and the proof of 13.1.41 (i) is given in 13.41 Next, 13.1.41 (ii) is 
proved in Section [Sj and finaUy, the proofs of 13.1.41 fiii) and 13. 1.51 are discussed in Section El 

3.2. Some consequences of the Adams spectral sequence. 

In this subsection we state some known facts which follow from the Adams spectral seauence l2.2.6l 

Let Ai, P and N be as in 13.1.41 Then the category of graded 7r*P-modules splits as follows 

Grmod-7r*P - 6 ® S[l] © . . . © S[7V - 1], 
where B is the full subcategory of Grmod-7r*P consisting of all those modules which are concen- 
trated in degrees divisible by N . 

Let 8i denote the full subcategory of Ho(A^) consisting of objects X e Ho(A^) with 

Proposition 3.2.1. (i) The functor 

T^Asi '■ — > 

is an equivalence of categories. In particular, for any i G Z/iVZ and X,Y € Si, the natural map 

TT*: [X,Y] — > Hom^.p(7r,A,7r,y) 

is an isomorphism. 

(ii) For any i G TLjNTL, X G and Y G £i, there is a natural isomorphism 

[X,Y] = Extl^p{T:,X[l],n,Y). 

(iii) For any i G Z/NZi and X,Y E £i, there is a natural isomorphism 

[EA, Y] 9i Ext^~p\Tr,X[N],Tr,Y). 

This proposition immediately follows from the Adams spectral sequence. (The conditions in 
13.1.41 imply that the corresponding spectral sequences collapse at E2 and all appropriate terms 
vanish.) 

Remark 3.2.2. If A G £^-l and Y e £i then tt,/ = for any / G [X,Y]. This and the 
construction of the Adams spectral sequence enables one to get an explicit description of the 
isomorphism in I3.2.1f iil. Indeed, for any / G [A, K], a distinguished triangle 

A — ^ Y Conc{k) EA 

gives a short exact sequence 

E: ^ TT*Y TT, Conc(fc) ^^^^ tt^X[1] ^ 0, 

and the isomorphism l3.2.lT ii) sends / to the extension class of E. 
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3.3. Crowned diagrams and DG modules. 

In this subsection we start with the proof of Theorem 13.1.41 In order to simphfy the exposition, 
the model category will be assumed to be simplicial in the sequel. (Note that our examples 
of model categories (see II. 1.11 and I3.1.7P are in fact simplicial or Quillen equivalent to simplicial 
ones.) However, the proof can be applied for stable model categories without any enrichment as 
well, using the techniques of cosimplicial frames from [T^ fsee l4.1l for details). 
Let Cm be as in 12.5.51 Suppose X is an object of (A^''")cof and 

k ■■ Xp^ — !■ X(^^ , ki : Xp^_^ — > Xq^, ie l/NI 

the morphisms of X. Since X is cofibrant in A^''", the objects Xp^ and Xq are cofibrant in Ai, 
i G Z/NZ . Let 

{X) ^ TT^X^^ , B(') {X) = TT.Xft C(') {X) = TT, Conc(fc,), 

A^*) = ttJ, : B'^'\X) — > Z^'\X), i e Z/NZ, 
where Cone(A:i) denotes the cone construction from 12.431 for simplicial model categories applied 
to ki. Consider the mapping cone sequence 

^ft-i — ^ Cone(fei) ^ 

of ki, i 6 Z/NZ. Applying tt* : llo{M) — > Grmod-7r*P to Xc;^ ^ Cone(fc,;) ^ 

we obtain the sequence 

Z«(X) ^ C«(^) ^ B'-'~^\X)[l] 
('see l3.1.l|l . Clearly, Z'*^ and _B'') are functors from (A^''")cof to Grmod-7r,P and A'*' is natural. 
Besides, since the cone construction of 12.4.31 is functorial, C*-*-* is a functor from (A^''")cof to 
Grmod-7r*P as well, and t*^'^ and p'*) are natural. Further, Z^*), B^*) and C**) pass through 
Ko^Ai'-'") (as they send weak equivalences of diagrams to isomorphisms), and A'*^ p^*^ induce 
natural transformations on the homotopy level. We use the same notation for the resulting functors 
and natural transformations. 

Next, let C be the full subcategory of Ho(A^''") consisting of all those X which satisfy the 
following conditions: 

(i) The graded 7r*P-modules Z^'\X), B^^^X) are objects of B[i] for any e Z/NZ; 

(ii) The morphism A'*-* is a monomorphism for all i G Z/NZ. 
We construct a functor 

Q: C — > Mod-7r,P. 
Let X be an object of C As the functor 

TT, : Ho(A^) — > Grmod-7r»P 
is homological, the distinguished triangles 

Xi3^_^ > Xq. ^ Cone(fci) EX^^^^ 

induce long exact sequences 

. . . ^ 5(^-i)(X) — > Z«(X) ^ C(*)(X) ^ B'^'-^\X)\1] ZW(X)[1] .... 

Note that P(*-1)(X) G B[i - 1] and Z^'^iX) G B[i\ for all i G Z/7VZ, since X G £. Therefore, the 
morphisms B^'-^\X) — > Z^^{X) and B^^-^\X)[l] — > Z''^\X)[\] are zero. Consequently, for 
any i G Z/NZ, we get a short exact sequence 

— ^ z(^) {X) ^— ^ c(') {X) — ^ p(*-i) (X) [1] ^ 

in Grmod-7r*P. Then, consider the following graded 7r*P-modules 

c,{x) = c^°Hx) © c^^\x) © ... © c(^-i)(x), 
z,{x) = z(")(x) © z^^\x) © ... © z(^-i)(x), 
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The mor phisms A(*), p'-^\ i E Z/NZ, induce morphisms between the direct sums 

X:B^{X) — > A 

l: Z,{X) ~^C^{X), L 

p : C^X) ^ B.4X)[ll p 
After summing up, we get a short exact sequence of 7r*P-modules 

(3.3.1) ^ Z4X) C4X) B,{X)[1] ^ 0. 

Sphcing this short exact sequence with its shifted copy gives a differential graded 7r,P- module. 
More precisely, define 

d = i[l]A[l]p: C4X) C4X)[1]. 
Then dd = and, therefore, we get a DG 7r,P-module (C, (X), d). The desired functor 

Q: C — > Mod-7r,P, 

is defined by Q{X) = {C,{X),d). 

Remark 3.3.2. Let C denote the full subcategory of (A1''")cof consisting of all the objects X 
with G B[i] and A^*^ a monomorphism, for any i G Z/NZ (i.e., £' has the same 

objects as C). Then C is the localization of C with respect to the class of weak equivalences. 
This immediately follows from the fact that the class of weak equivalences in (Al''")cof admits a 
calculus of left fractions |17) . 

Proposition 3.3.3. Let K, he the full subcategory of C consisting of all the objects X with 
proj.dimZ(*)(X) < - 1, proj.dim pW (A) < A - 1 

for any i £ Z/NZ (see \2.1.2\) . Then the functor 

Q\k-K: — > Mod-7r,P 

is full and faithful. 

Proof. Take X , X G K,. Let K denote the abelian group 

HomHo(A4':iv)(^,^) = [X,X], 

and L the abelian group of commutative diagrams of the form 

Z^{X) C,{X) 

Z4X)—^C^{X). 

In other words, 

L = Hom(Grmod-..p)i(^*(^) ^ a(A),Z,(A) A a(A)), 

where 1_ denotes the category • — > •. To prove the proposition it suffices to check that the 
morphism 

q: K — > L 

induced by the functor Q is injective and its image consists of all those morphisms which respect 
the differentials, i.e., which are morphisms of DG modules. Thanks to p.3.ip any f £ L induces 
a morphism on the cokernels 

B^X) U B,{X). 



= A(")©A«e...©A(^-i), 

= ©...©. (^-1), 

= p(o)©p(i)©...©p(^-il 
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By definition of d: C\{X) — 
outer square in the diagram 

/ 



C, a morphisni / G i is a DG morphism if and only if the 



/[i] 



A[l] 



/[i] 



,[1] 



Til] 



c.{x)[i] 
m 



commutes. The left and right squares in the diagram are commutative. Therefore, since : Z»(X)[1] 
C*(X)[1] is a monomorphism and p: C*(X) — > B^(X)[1] an epimorphism, the outer square com- 
mutes if and only if the middle one does, i.e., if and only if / lies in the kernel of 



D : L }lom^,p{B4X), Z,{X)), 
Thus, to show that the functor 



Dif)^Xf-fX. 



is full and faithful is equivalent to showing that the sequence 

q ^ D 



(3.3.4) 



0- 



}lom^^p{B4X),Z,{X)) 



is exact. To prove the latter we describe K and L in terms of some exact sequences. 
Let us start with K. Bv 12.5.81 we have a puUback square of based simplicial sets 



(3.3.5) 



Map^c„ {X,X) 



nMap^(Xft,X^J 



,nMap^(Xc.,Xc 



nMap^(Xft_,,X^J X nMap^(Xft,Xc.), 



where (j) and ip are induced by 



X 



Pi 



vx 



and X, 



respectively. Without loss of generality we may assume that X is fibrant in A^''", i.e., Xj^. and 
X^., i G Z/NZ are fibrant in A4. Besides, since X is a cofibrant object in A^''", we can conclude 
that 



X 



Pi- 



is a cofibration and Xp., X(^^ are cofibrant, for any i G Z/NZ {see 12.5.5)) . This, by the axiom 
SM7 for simplicial model categories implies that all objects in (|3.3.5p are fibrant and is a Kan 
fibration. Next, as M is stable, the simplicial sets and maps involved in (|3.3.5p are infinite loop 
spaces and infinite loop maps, respectively. In particular, all the objects are homotopy associative 
and homotopy commutative i/-spaces and all the morphisms are iJ-space maps. Thus, bv 12.6.31 
the diagram (|3.3.5p gives a long exact Mayer- Vietoris sequence. Let us identify the terms of this 
long exact sequence. Since X is cofibrant and X is fibrant, the group 7ro(Map^c„ (X, X)) is 
isomorphic to [X, = K,hy ^ 2.3.10]. As noted above, X^. X^^, i G Z/NZ are cofibrant and 
Xp., X,^. are fibrant for all i G Z/NZ. Hence, using again j^l 2.3.10], we get isomorphisms 

7r„(Map^(A^.,A^J) ^ 
^„(Map^(Ac.,AcJ) = [E"Ac.,AcJ, 
^„(Map^(A^,_,,AcJ) = [E"Aft_,,AcJ, 
7r„(Map^(Aft,AcJ) - [E"^^.,!^.]. 
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Thus, the final part of Mayer- Vietoris sequence 12.6.31 of p.3.5p looks as follows: 



where d is the connecting homomorphism. 

Next we would like to have a more explicit description of the terms involved in this exact 
sequence. Proposition l3.2.11 yields the following isomorphisms: 



[Xp^ ,Xp^]= Hom,.p(B(*) {X), B(') {X)), 
[Xc„Xc,] - Honv.p(Z«(X),Z«(X)), 
[Xft , J = Hom,. p (X) , (X) ) , 

, = Hom,.p(B(*-i) (X) [1] , Z(') (X)), 
XcJ - Ext^.p (X) [1] , Z W (X)) , 



[SXft,!^] - Extf-/(i?W(X)[7V],i?W(X)), 
[I]Xc.,XcJ - Extf7/(zW(X)[iV],zW(X)), 
[I]X^,,XcJ - Extf7/(i?W(X)[7V],zW(X)). 



Since X E IC, the last three Ext-groups vanish and therefore 



A' = 



and 
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Consequently, one obtains the desired exact sequence describing K: 



e Horn,. P 1) (X) [1] , Z« (X)) 



K 



eHoni,,p(BW(X),BW(X))©eHom,,p(zW(X),ZW(X)) 



Exti (X) [1] , Z(0 {X)) © Hom,.p(i3(«) (X), {X)). 



As B('''(A), B('''(A), G i G Z/A^Z, we may rewrite this exact sequence as 

follows 





Hom,.p(B,(X)[l],Z4X)) 

d 

K 



Hom^.p(B,(A),B4X)) ®Honi^.p(Z4X),Z,(X)) 

Exti^p(B*(A)[l], Z,{X)) © Honv.p(B,(A), Z,(A)). 
Let us now describe 

L = Hom(Grmod-..P)i(^*(^) ^ C,{X),Z,{X) \ C,{X)). 
First note that any f (z L yields (as we have already mentioned) a diagram 



c^x) B4x)[i] z4x)[i] a(A)[i] 



/[I] 



A[l] 



m 



Til] 



m 



a (A) ^ B,{X)[l] ^ Z,{X)[1] ^ a(A)[l], 

in which the left and the right squares commute. Consider the map 

a:L^ Hom,.p(S,(A), B,(A)) © Hom,.p(Z,(X), Z,{X)), a{f) = (/, /). 
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The kernel of a consists of morphisms of the form (0, G) £ L such that the diagram 



■ z^x) a{x) — ^ B4x)[i] — ^ 



0- 



Z,{X) ^ C,{X) ^ B,{X)[l] ^ 



commutes, i.e., the kernel can be identified with the subgroup of Hom^^p(CH.(X), C*(X)) consist- 
ing of those G : C*(X) — > C, (X) for which Gl = and pG = 0. It then follows form the snake 
lemma that G S Ker a if and only if G can be factored as 

ax) B,{x)[i] z,ix) a(x) 

for some g. Since p is an epimorphism and T a monomorphism, Ker a is isomorphic to 

llom^,p{B4X)[l],Z4X)) 

and we get an exact sequence 

^ Hom^.p(B,(X)[l], — ^ L Honv.p(B4X), B,{X)) ® Hom^,p(Z4X), Z^X)), 

where 

b{g) ^ {Q,Tgp). 

Then, in order to give a more precise description of i, we would like to examine Im cr. For this 
purpose, observe that 



and 



S: ^Z,{X)^^G,{X)^^B,{X)[l] ^0 



S: ^ Z,{X)^^C,{X) ^B,{X)[1] ^0 



represent elements of Ext^^p(i?*(X)[l], and Ext^^p(i3*(X)[l], respectively. De- 

fine a homomorphism 

Honv.p(B,(X),B,(X))®Hom,.p(Z,(X),Z,(X))^^Exti^p(S,(X)[l],Z,(X)), 



v{u,w) = w[l]*(S') — w^,{S). 

We claim that Im a = Ker v. Indeed, (u, w) € Im cr if and only if there exists h: C* (X) — > C» {X) 
such that the diagram 

^ Z,{X) C,{X) B,{X)[l] ^ 



^ Z,{X) ^ C,{X) ^ B,{X)[l] ^ 
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commutes. But the latter is the case if and only if Wi.{S) — u[l]*{S), i.e., {u,w) € Kctv. Hence, 
one concludes that there is an exact sequence 





Honv.p(B4X)[l],Z,(X)) 

b 



Honv.P (B, {X),B4X))(S Hom^. p{Z,{X), Z^X)) 



Exti^p(B,(X)[l],Z4X)). 

The next step is to compare the exact sequences describing K and L. In other words, we will 
now check that the diagram 







Hom,,p(B4X)[l],Z,(X)) 







Honv.p(B,(X)[l],Z,(X)) 
6 

L 



(3.3.6) 



Hom^.p(5*(X),B*(X)) 

© 

Hom^.p(Z,(X),Z,(X)) 



Honv.p(B,(X),B,(X)) 

© 

Hom,.p(Z,(X),Z,(X)) 



■Extl^p{B4X)[llZ,{X)) 



Extl^p{B4X)[l],Z4X)) 

© ^ — 

Iiom^,p{B,{X),Z,{X)) 

commutes. It is clear that the middle square in this diagram is commutative. The commutativity 
of the lower one is an immediate formal consequence of the construction of the Adams spectral 
sequence 12.2.61 It thus remains to check that 

qd — b 

which needs a detailed verification. 

Fix j e Z/iVZ and take 6 e Rom^^p{B^3-'^\X)[l], Z^^\X)). In order to compute d{0), consider 
the isomorphisms 



(Map^(X^^_,,XcJ) - - Hom„.p(i?(^-i)(A)[l],Z(^)(A)). 



A representative of the homotopy class in [Y,Xj3._-^, X^,] to which 6 corresponds will be denoted 
by 



9: S^AXp^ 



X, 



0' 
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abusing notations. Let 9i denote the composite 

TT+Al 



7r+ A 1) : /+ A X, 



AX 



where 7r+ : — > S*^ is the projection. As noted above, 



X 



13,-1 




ft 



{kj . Ij ) 



^x. 







is a cofibration. Besides, the map ini : S — ?> /+ is an acychc cofibration of pointed simphcial sets 
fsee l2.1.ip . Therefore, the pushout product 2.3.11] 

im a{k,, I,): (/+ A {Xp^_, V X^J) VsoA(x,^_, vx,^.) S° A X^^ ^ /+ A X^^ 
is an acychc cofibration in A4. Then, since X(^. is fibrant, there exists a morphism 



&: I+AX, 



C, 



0' 



making the diagram 

(/+ A {Xp^_, V Xp.)) Vso^^x,^_,vx,^) A X^^ 

ini □(/cj , ) 

/+ A Xt 



(^1,*,*) 



(3.3.7) 



commute. This morphism together with the map ino : 5" — >• /+ (see I2.1.ip gives a composition 
^0 = ©(ino Al) : X^^ = 5° A X^^ — > Xq. . Clearly, one has the equalities dokj = * and OqIj = *. 
Consequently, there is 6* G Hom^c„ {X, X) = (Map^Cjv {X, X))o having as the Cj-th component 
and zero as all the other components. By adjunction, the commutative diagram (5) is equivalent 
to the commutative square 

Map^(Xc,,Xc^) 




{Ou*) 



Map^(X^,_,,X<;J X Map_^(Xft,XcJ. 



Therefore, by construction of d (see Lemma [2. 6. 2p . we conclude 

0(0) = [6] G ^o(Map^c„(X,X)) = [X,X]. 

Thus one gets the desired computation of d{d). 
Next we show that 

qd{e) ^ b{e), 



q{[e]) = h{e). 

For this purpose, we explicitly identify both sides of this equation and then compare them. In 
order to do so, note once again that the cone construction of 12.4.31 is functorial on (A^cof)- and 
hence we have a commutative diagram 







Cone(fcj ) — ^ 5'! A X, 



■Xr 



■ Cone(fcj) 



51 A Xp^ 
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It follows from the universal property of pushout that there exists rj: Cone(fcj) — > X(^. making 
the diagram 



Conc(fcj) (/, 0) A Xf3^_, 




commute (since Ookj — *) and that Bq = ^77. Then (6*0 is null-homotopic via Q) 



(O,7r,0o) - (0,7r*(O^*('?)) 



and 



6(0) = (O,^,(eK(0)7r,((5)) 

by definitions of q and b, respectively. Thus, to verify q{[0]) = b{9), it suffices to prove that 77 is 
homotopic to 96. This is done explicitly. Indeed, recall that the simplicial set / x / is generated 
by the 2-simplices ho = ((0, 0, 1), (0, 1, 1)) and hi = ((0, 1, 1), (0, 0, 1)) satisfying the relation 
diha = dihi. Therefore, there is F: I x I — > Mapj^{Xi3._^, X^.) with F{ho) = F{hi) = saOi (6*1 
is considered as an element of {Ma,pj^{Xis^_^, X^^))i f see 12. 3. 5]) ). It is easily seen that i^|/xo = *, 
F\oxi = *, F\ixi = Si and F\ixi = Oi fsee l2.1.f|) . Hence F induces a simplicial map 



/+A(/,0) 



with F|oA(/,o) = *, F\i/\{i,o} = ^1, and F|/^ai = Oi (see l2.1.ip . Let 



■Xr 



/+A((/,0)AX^^_J- 

be the adjoint of F. Clearly, F|oa(/,o)ax^^_j = *, F\i/\{ifi)/\x,3^^^ = 0{Tr A 1) = 06^ (where 
tt: / ^ 5^ is the projection), and i^|/+AiAXf). ^ = ^i- The latter shows that the diagram 



/+ AX 



lA*;,- 



I+AXc, 
e 



/+A((/,0)AX^^_J 



X. 







commutes. (Note that the left vertical arrow in this diagram comes from the morphism 

=5°AXft._,l^^(/,0)AX^,._,.) 



On the other hand, by I2.4.3[ we have a pushout square 



1A5 



1+ A ((/, 0) A Xf!^_,) ^ /+ A Conc(fcj) 

since /+ A — is left adjoint. Consequently, there exists iJ : /+ A Cone(fcj) 
diagram 



Xi^. such that the 



/+ A Conc(A:,) 1+ A ((/, 0) A Xp^_,] 

H 



X, 



commutes. A trivial computation shows that H is a left liomotopy from 77 to OS. Hence qd = b. 
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Thus (|3.3.6p commutes. Now a diagram chase shows that p.3.4p is exact, and this completes 
the proof of l3X3l □ 

Next we examine the image of Q\]c- IC — > Mod-7r*P. By the construction of Q and the 
definition of /C, we have 

proj.dim(Z4X) = Kerd) < - 1, proj.dim(B4X) = Imrf) < - 1, X e JC. 

These key properties completely determine the essential image of Q\ic- Indeed, one has 

Proposition 3.3.8. A differential graded tt^^P -module {C<,,d) is in the essential image of Q\jc if 
and only if 

proj.dimZ* < — 1 and proj.dimB* < — 1, 

where = Kcr d and = Im d. 

Proof. We have just mentioned that the "only if" part of this proposition is valid. Let us check 
that the "if" part holds as well. 

Since tt^P is A^-sparse, we have the decompositions (see l3.2p 

= zw®zw©...®z(^-i), 

where C^'\B^'\Z^'^ e B[i\, i e Z/NZ. Bv lXO fi) there exist X<:^,Xp^ G £, such that 

Z(') ^ n^Xc;^ and B^*' ^ ii^Xp, 

for all i S Z/NZ. We fix these isomorphisms once and for all. Without loss of generality one may 
assume that X^. is cofibrant and Xq is bifibrant in i G Z/iiZ. It then follows from Proposition 
13.2.11 (i) that there exist morphisms li : Xp. — > X,^. in such that the diagrams 

Tr*Xfj. — Tr^,X(^^ 



commute. Further, for any i G Z/NZ, consider the extension 

E, : ^ ^ C(^) ^ S('-i) [1] ^ 0. 

Under Isomorphism 13. 2. IT iil. the extension class of Ei corresponds to some element in [Xp._j_, Xq.] 
which is the homotopy class of some morphism ki : Xp^_-^ — > X^^ in M.. Consequently, we get a 
diagram 




i.e.. an object in M'^'^ . Without loss of generality we may assume that X G (A^''")cof (otherwise 
we could replace X cofibrantly). Besides, proj.dimZ* and proj.dimS* are less than A^ — 1. 
Therefore, X is an object of /C. Finally, the construction of Q and Remark 13.2.21 immediately 
imply that Q{X) is isomorphic C^. □ 
In view of 13.3.31 one gets 

Corollary 3.3.9. Let M be a stable model category and P a compact generator of IIo(A^). 
Suppose that the graded ring tt^P is N-sparse and gl.dimTr^P < A^ — 1. Then the functor 

Q: C — > Mod-7r*P 

is an equivalence of categories. 
We conclude this subsection with 
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Proposition 3.3.10. For any X Cz C there is a natural isomorphism of graded n^P-modules 

H^QiX)) ^ 7r,(HocolimX). 

Proof. As noted in Remark 13.3.21 jC is tlie localization of C C (A^''")cof at the class of weak 
equivalences. Let 

Q' = Q7: £' — ^ Mod-7r,P, 
where 7: C — > C is the localization functor (which is the identity on objects!). Clearly, to prove 
the proposition, it suffices to construct a natural isomorphism 

Recall that X^. and X^. are cofibrant and 

^ft-i V Xp^ 

is a cofibration for all i G Z/AZ (since A is cofibrant in AA'^" f see 12.5.51) ). This implies that the 
coequalizer diagram 

(3.3.11) V^Xp^ — ViA,;. ^ colim A, 

where k = \/iki and / = Vji, is in fact a homotopy coequalizer. Hence, we get a long exact 
sequence f see 12.6.51) 

... ^ TT* (colim X)[-l] A ®iTT^:Xp^ TTj-7T,k^ ^^^^^^^ _^ 7r*(colimA) ^ e^Tr^A/jJl] 

Since X e n^l = Odi'K^li is a monomorphism and -K^k = Oiir^ki is zero. Therefore, the 
connecting homomorphisms of this long exact sequence vanish and we get a short exact sequence 

^ ©iTT^A^, "^^-^ ^ ®iTT*Xt;^ ^ TT^colim A) ^ 0, 

i.e., 

^ B,(A) Z^X) ^ TT* (colim A) ^ 0. 

This short exact sequence shows that there is a natural isomorphism 

Z4X)/B4X) ^ 7r,(colimX). 
The short exact sequence p.3.1|) together with the definition of the differential of C*(A) gives 

H.iQ'iX)) = H,{C4X)) - Z,{X)/B,{X). 
Thus, we get a natural isomorphism 

H*{Q'{X)) ^ 7r*(colimA). 

□ 

3.4. Proof of [3X1(1). 

Our aim is to construct a functor 

V{tt^P) — ^Ho(M), 

and a natural isomorphism tt* o ^ . 

It follows from Proposition 13 . 3 .81 that the essential image Q(/C) of Q\jc contains all differential 
graded 7r*P-modules which have underlying projective graded 7r*P-modules. By |1H 2.2.5], it 
in particular contains all cofibrant DC 7r,P- modules. Therefore, the derived category 2?(7r,P) 
is equivalent to the localization Q(/C)[V^^], where V is the class of quasi-isomorphisms in Q(/C). 
Thus, in order to construct we need a functor 

QilC) -^Ro{M) 

which sends quasi isomorphisms of DC modules to isomorphisms. By Proposition 13.3.31 

Q\k-- IC ^ Q{IC) 
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is an equivalence of categories and so we can choose an inverse {Q\ic) ^ ■ S(^) — ^ ^- Define 
to be the following composite 

Q(^) '^1"^" . jc c Ho(A^c„) . Ho(A^). 

Then, Proposition 13 . S.TUl immediatelv yields a natural isomorphism 

7r,(^'(M)) ^ i7,Af, Af e Q(/C). 

In other words, the diagram 

Q(/C) Grmod-TT^P 

(3.4.1) 

Ho(X) 

commutes up to a natural isomorphism. This shows that sends quasi-isomorphisms to isomor- 
phisms (since tTh, reflects isomorphisms). Consequently, S^J factors through the localization, i.e.. 
there exists 

Si: V{tt*P) — > Ho(A^) 

such that the diagram 

Q(/C) ^ Ho(7W) 

(3.4.2) 

A 

where A is the localization functor, commutes up to a natural isomorphism. The universal property 
of localization and diagrams p.4.ip and p.4.2p and give the desired result. □ 

3.5. Preservation of suspensions. 

Proposition 3.5.1. Let M. be a stable model category and P a fixed compact generator of Yio[M). 
Suppose that the graded ring tt^P is N-sparse and the (right) graded global homological dimension 
of TT^P is less than N . Then the functor 

^: V{t:^P) — > Ho(X) 

commutes with suspensions. 
Proof. We consider the functor 

(-)#: C^C 
sending X ^ L to which is defined by 

X*^S^AXp^_,, X* = S^AX^^_,, 

fcf = IAfcj_i, if^lAk-i, ieZ/NZ. 
There is a natural isomorphism 

Hocolim(X#) EHocolimX, X e jC 

in Ho(A^). On the other hand, by construction of Q, we have a natural isomorphism 

QiX*) ^ QiX)[l], XeC 

fsee l3.1.I|l . Consequently, for any M G Q{IC), there is a natural isomorphism 

Q-i(Af[l]) - (Q-'iM))*. 

By construction of one gets 

^'(A/[l]) = Hocolim(Q-i(i\/[f])) = Hocolim((Q-i(Af))#) = 

EHocolim(Q-i(A/)) = S^'(Af), 
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whence we have a natural isomorphism 
□ 

4. Further properties of M and examples 

In this section we prove that the functor ^ need not be a derived functor of a Quillen functor. 
Besides, we give non-trivial examples where !?. 1.41 can be applied. 
First let us briefly recall 

4.1. Derived mapping spaces. 

For a pointed siniplicial model category A4, one has the mapping space functor 

Map^ (-,-): M°P x M — y sSeU . 

The simplicial model category axioms imply that this functor is in fact a Quillen bifunctor (see 
4.2.1]). Therefore, we get the derived mapping space functor 

MapHo(A4) (-'-): Ho(7U)°P x Ho(7W) ^ Ho(sSet,). 

If a model category Ai is not simplicial, then one does not have mapping spaces on the model 
level. However, one is still able to define derived mapping spaces. This is done in [121 5.4] as 
follows. 

Let 7W be a model category and M'^ denote the category of cosimplicial objects in A4. Consider 
the functor 

Evq: M'^ 

which sends X* G A4'^ to the 0-th space X'[0]. One can easily see that Evq has both a right and 
left adjoint. The right adjoint 

v': M^M'^ 
is the constant cosimplicial object functor. The left adjoint 

I': M^M^ 

sends X & M to the cosimplicial object whose n-th space is the n + 1-fold coproduct of X 
and whose structure morphisms are obtained from the coproduct inclusions and fold maps. The 
functors 1' and r* come with a canonical natural transformation 

which is the identity in degree and the fold map in higher degrees. 

Note that there is a model structure on A4^, called the Reedy model structure (see [T^l 5.2] 
for details), and that the adjunctions (l*,Evo), (Evo,r') are in fact Quillen adjunctions. 

Definition 4.1.1 ( |12l 5.2.7]). Suppose is a model category and X an object of Ai. A 
cosimplicial frame on X is a cosimplicial object X* € together with a factorization 

1* X ^ X' ^ r* X 

of the canonical map 

I' X — >r' X 

into a cofibration in followed by a weak equivalence (which is an isomorphism in degree zero). 
The existence of such frames is shown in |12[ 5.2.8]. 

Definition 4.1.2. Let X,Y E Ho(A^). The derived mapping space Mapj^^^^-) (A, F ) is defined 
by 

MapHo(Ai)(^,>") = ilomM{X',Yf) e sSet, 
where A' is a cosimplicial frame of A and Y-^" a fibrant replacement of Y. 
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It is proved in |121 5.4] that the derived mapping space is a weU-defined object of Ho(sSet), i.e., 
it does not depend, up to homotopy, on the choice of the cosimpHcial frame X* and the fibrant 
replacement . Moreover, we have a functor 

MapHo{Ai)(-,-): Ho(A^)°P x Ho(A^) — ^ Ho(sSet). 

If M. is pointed, then yia.\)Y^o{M){-^^^) comes with a natural base point and it is a well-defined 
object of Ho(sSet*). 

Proposition 4.1.3 ([H 5.6.2]). Suppose 

F: M- -.G 

is a Quillen adjunction, where F is a left adjoint. Then, for any X £ Ho(A^) and Y £ Ho (A/"), 
there is a natural weak equivalence of derived mapping spaces 

MapHo(AA)(i^^, Y) ^ MapHo(A,)(X, RGY). 

Remark 4.1.4. Let A be a differential graded ring. The category Mod-A with the model 
structure 12.4.71 is not a simplicial model category. However, one can apply |4TL2] to Mod-^ and 
get derived mapping spaces. Note that since Mod-A is an additive category, Mapp(^-)(X, Y) is in 
fact a simplicial abelian group for any X,Y € It is well known that every simplicial abelian 

group has the homotopy type of a product of Eilenberg-MacLane spaces (see e.g. [HI HI. 2. 18]). In 
particular, Map25(^-)(X, Y) is homotopy equivalent to a product of Eilenberg-MacLane spaces for 
any X,Y e V{A). 

Remark 4.1.5. There is an analog of the pushout product axiom for cosimplicial frames (see 
5.4.1 and 5.4.2]). Using this and the derived mapping spaces it is not difficult to see that the 
proofs given in Sections [3l [5] and [6] can be applied to stable model categories without a simplicial 
enrichment. 

4.2. The cases when ^ is not a derived functor. 

The following shows that 14.1.^ is rather useful. 

Theorem 4.2.1. Let A4 be a stable model category and P a compact generator o/Ho(A^). Suppose 
that the graded ring tt^P is N-sparse and gLdim7r*P < N (see \2.1^) . Suppose further that the 
derived mapping space Mappj^^^-, (P, P) is not weakly equivalent to a product of Eilenberg-MacLane 
spaces. Then the functor 

S^: V{-K^P) ^Ho(A^) 
is not a derived functor of a Quillen functor. 

Proof. Consider the object 




in X'^". Clearly, Y £ IC (see 15X5)) . By construction of Q, 

Q(Y) - TT.P, 

where tt^P is regarded as a DC tt^P- module with zero differential. On the other hand, 

Hocolim Y = colim Y ^ P. 

Consequently, 

^(tt.P) = P 

in Ho(A^). Now assume that ^ is the derived functor of a left Quillen functor. Then ^ has a 
right adjoint 

G: Ro{M) -^V{ti^P) 
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and, in view of 14.1.31 we get a weak equivalence of derived mapping spaces 
MapHo(A<)(^(7r*P),F) Mapp(,^p) (tt.P, 

i.e., 

MapHo(x)(i',P) ^ Mapp(,^p)(7r,P,g(P)). 
Bv l4.1.41 the mapping space on the right is a product of Eilenberg-MacLane spaces, a contradiction. 
One similarly shows that ^ cannot be the derived functor of a right Quillen functor. □ 

Corollary 4.2.2. Let S be a symmetric ring spectrum such that the graded homotopy ring tt^S 
is N -sparse and gl.dim7r,5 < N, and the infinite loop space n°°S is not weakly equivalent to a 
product of Eilenberg-MacLane spaces. Then the functor 

V{-K,S) —>V{S) 

is not derived from a Quillen functor. 

Further, in view of l4. 1.31 and 14.1.41 one gets the following 

Proposition 4.2.3. Let A4 be a stable model category and P a compact generator o/Ho(A^). 
Suppose that the derived mapping space MapjjQ^^^(P, P) is not weakly equivalent to a product 
of Eilenberg-MacLane spaces. Then there does not exist a zig-zag of Quillen equivalences be- 
tween the model categories A4 and Mod-7r»P. In particular, if the graded ring ir^fP is N-sparse, 
gl.dimTT^P < N , and the functor 

^: V{ti^P) Ho(X) 

is an equivalence of categories (see \ 6.3A\) . then Sf. can not be derived from a zig-zag of Quillen 
equivalences. 

Corollary 4.2.4. Let S be a symmetric ring spectrum. Suppose that the infinite loop space fl°°S 
is not weakly equivalent to a product of Eilenberg-MacLane spaces. Then there does not exist a 
zig-zag of Quillen equivalences between the model categories Mod-S* and Mod-7r,5. In particular, 
if the graded homotopy ring n^S is N-sparse, gl.dim7r,S' < N, and the functor 

is an equivalence of categories, then Sf, can not be not derived from a zig-zag of Quillen equivalences. 
4.3. Examples. 

Example 4.3.1 (Truncated Brown-Peterson spectra). Let p be a prime, n a natural number, and 
suppose that 

n + l< 2(p- 1). 

Then the truncated Brown- Peterson spectrum BP{n) satisfies the hypotheses of II. 1.11 Indeed, 
the homotopy ring of BP{n) looks as follows 

^Z(^)[i.i,...,i;„], \v,\=2{p' -I). 

Clearly, gl.dim7r»_BP(ri) — n + 1 and TT^BP{n) is 2(p — l)-sparse. 

Note also that n°°BP{n) is not weakly equivalent to a product of Eilenberg-MacLane spaces. 
Therefore, in view of 14.2. 2[ the functor 

^: P(Z(p)[wi,...,«„]) 

is not a derived functor of a Quillen functor. 

Example 4.3.2 (Johnson- Wilson spectra). The Johnson- Wilson spectrum E{n) is obtained from 
BP{n) by inverting the generator w„. In particular, for the homotopy ring of E{n) one has 

TT^E{n) = Z(p)[vi, . . .,Vn,Vn~\ = 2(p' - 1). 

Note that gl.dim7r,i?(n) = n and iTtfEin) is 2(p — l)-sparse. Therefore, if 

n<2(p-l). 
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then ll.lTT] can be applied to E{n). Furthermore, since VL°°E{n) is not weakly equivalent to a 
product of Eilenberg-MacLane spaces, the functor 

^: 2?(Z(p)[vi,..., -^V{E{n)) 
is not a derived functor of a Quillen functor. 

5. The one-dimensional case 
In this section we prove 13.1.41 (ii) . 

5.1. Technical lemmas. The following well-known proposition immediately follows from Adams 
spectral sequence 12.2.61 

Proposition 5.1.1 (Universal coefficient theorem). Suppose T is a triangulated category with 
infinite coproducts, P E T a compact generator, and let tt, ~ Hom7-(P, — )*. Then for any X with 
proj.dim7r,X <1 (in Grmod-7r,Pj and Y £ there is a natural short exact sequence 

^Exti^p(7r,X[l],7r,y) ^Homr(X, F) Honv.p(7r,X, tt^F) ^ 0. 

In particular, X is isomorphic to Y in T if and only ifir^X and tt^Y are isomorphic as graded 
TT^P-modules. 

Corollary 5.1.2. Let T, P and tt* he as in \5.1.1l and suppose that 7r*P is N -sparse. Then any 
X £ T with proj.dim7r,X < 1 splits as follows 

where B is as in\ 



Definition 5.1.3. Let 7" be a triangulated category. One says that a triangle 

in T is antidistinguished if the triangle 

f a -h 
X ^ Y ^ Z ^ EX 

is distinguished. 

Lemma 5.1.4. Let Ai he a (simplicial) stahle model category, Gq, Gi cofibrant ohjects of A4, 
Lo: Go — > Gi a cofibration in A4, and P a compact generator o/Ho(A1). Suppose that the graded 
ring tt^P is N -sparse and gl.dim7r*P < N . Further, assume that 7r,Go,7r»G'i are in B[i] for fixed 
i G 7j/N7j, tt^Gq, 7r*Gi are projective graded ir^P-modules and tt+o; is a monomorphism. Then 
the functor 

m-. V{t:^P) — > RoiM) 
sends the antidistinguished triangle (see Remark \2.4-8\ l 

(5.1.5) ^^Go^^TT^Gi ^G(7r,w)— ^7r,Go[l] 

to a triangle isomorphic to the elementary distinguished triangle 

Go Gi ^ Cone(w) ^ S^ A Go 

ofuj (see^T^. 

Proof. Bv l3.3.8i since tt^Gq, tt^Gi are projective, the triangle (|5.1.5p is contained in Q(/C). Let 
us construct a sequence 

(5.1.6) Ao^A,^A,^A, 
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and 



Gi (/,0)AGo 

X 




A. 





where %: Gq — > (^jO) A Go is the canonical morphism and 

(Ao)ci — Go, 

(A2)o=Gi, (A2)c,+, = (/,0)AGo, (A2)ft=Go, 

(^3)0+1 A Go. 
Next, define the non-trivial entries of ao, ai, and a2 by 

("o)c,=^, (ai)c, = 1, (a2)c,+i = TT A 1, 
where tt : / — > is the projection. It follows from the construction of Q that the triangle 

Q{Ao) ^ Q{A,) ^ Q{A,) ^ Q[A,) - Q(Ao)[l] 



is isomorphic to (|5.1.5p . (Note that the morphism Conc(x) — > A Go induced from the 
arrow morphism 

X 



Gn 



(/,0)AGo 



A Go 



on the cones and the morphism ^ : Cone(x) — > A Go coming from the cone construction of 
I2.4.3l differ by a sign in the homotopy category Ho(A^). This explains the appearance of the minus 
sign before d in ()5.1.5p .) 

Applying the functor Hocolim to the sequence (j5.1.6p gives the elementary distinguished triangle 



Go 



■Gi 



■ Cone(a;) 



S*! AGo 



since ^o, ^i, A2 and A3 are cofibrant. Now, by construction of the desired result follows. □ 
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Lemma 5.1.7. Let A4, P and N be as in \3.1.4\ Assume that the triangle 

Fi Fo ^ M ^ Fi[l] 

is antidistinguished in ©(tt^P), and H^Fq, H^Fi are projective t:^_P -modules, and H^_{i) is a 
monomorphism. Then the triangle 

M[Fi)^^M{Fq) ^M{M) ^^(Fi[l]) = Y.M[Fi) 

is distinguished. 

Proof. By 15.1. 2|, we have splittings 

Fo = e^ez/ATZ-Fo'^ and Fi = e^ez/AZ^^i''' 

in 2?(7r,F), where H^F^\h^f'^'^ e B[i]. Since H^Fi is projective, bv l^T^ fi). it follows that for 

any i, j G "L/NT,, 

= Hom..p(if,F«,if,F(^')). 

In particular, 
whence, 

This implies that the morphism t : Fi — > Fo splits as well. More precisely, there are morphisms 
. pM — y pM gm^j-^ ^Yiat the diagram 

Fi 5- Fq 



(BiF^ ^ ^ (BiFq ^ 

commutes in 2?(7r,P). Using this we see that the antidistinguished triangle 

Fi Fo ^ M ^ Fi[l] 

is isomorphic to a finite sum of triangles of the form (|5.1.5p . As ^ is an additive functor, 15.1.41 
completes the proof. □ 

5.2. Proof of 13.1.41 (ii). First we show the essential surjectivity. Consider X G Ho(A^) with 
proj.dimTT^X < 1. Since 

H^: D(7r*P) — > Grmod-7r,P 

is essentially surjective, there is M G I?(7r»P) such that H^,M and tt^X are isomorphic as graded 
7r*P-modules. Bv 13.1.4] (i). tt*^ = H^, and, therefore, 7r*(^(A/)) = Tr^,X in Grmod-7r*P. As 
proj.dimTT^X < 1, it follows from 15. 1?T] that 

^{M) ^ X. 

Next let us verify fully faithfulness. Let M,M' G P(7r*P) and suppose that proj.dimiJ^A/ is 
at most one. Now we check that the morphism [M,M'] ^ [^{M),^{M')] is an isomor- 
phism. Bv l2.2.5l one can choose F G P(7r*P) and 

F^^M 



such that H^F is a projective 7r*P-module and i?, (u) is an epimorphism. Then, embed a into a 
distinguished triangle 

Y ^ F M ^ Y[l]. 

Since a induces a surjection on H^, we have a short exact sequence 

^ H^Y ^ H^F ^ H^M ^ 0. 
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As proj.dimiJ*!/ < 1 and H^,F is projective, H^Y is projective as well. Therefore, by 15.1. 7[ the 
triangle 

3g{Y) ^ M{F) M{M) ^ ^\Y[l]) ^ Y.S?\Y) 

is antidistinguished. In particular, if we apply [— ,^(Af')] to this triangle, we get a long exact 
sequence. Moreover, S^, induces a morphism of long exact sequences 



[A/, M'\ ■ 



[F, M'\ 



\&\F\\\),a\M')\ ■ 



mY[l]),^iM')]- 



■ [!%{M),3f,(M')] 



■ [.«(F),.^{M')] ■ 



— ^ [Y, M'] 

Si 

[,«(y),,«{M')]. 



Bv l3.1.4l (i). Lemma [2. 2. 51 (i) and the five lemma, 

^: [M,M'] ^ [^(M),^(M')] 

is an isomorphism. □ 

Corollary 5.2.1. Let M. he a stable model category and P a compact generator of Ho(A^). 
Suppose that the graded ring n^^P is N -sparse and gl.dim7r,tP = 1. Then the functor 



Viji^P) — > Ho(A^) 



is an equivalence of categories. 



Remark 5.2.2. Lemma fS . 1 . 71 and the construction of Adams spectral sequence l2.2.6l show that 3?. 
preserves (up to sign) universal coefficient sequences. More precisely, for any M 6 2?(7r,P) with 
proj. dim i/*M < 1 and M' G 'D{7t^,P), the diagram 



■ EKtl_^p{H,M[l],H,M') ^ [M, M'] 



Hom,.(f,)(_f/.A/, H,M') ■ 



Exti_^j,(7r.(5?(J\/))[l],7r.(£i?(M'))) s- , 5?(M')] 



^ Hom„.j,(7r.(«(A/)),7r,(«(A/'))) ^ 

commutes up to sign, where the left and right isomorphisms come from the functor isomorphism 



Note that the equivalence of categories 



D(7r*P) - Ho(M) 



in l5.2.1l is a special case of |101 4.3.2]. Moreover, since the functor preserves universal coefficient 
sequences, it is in fact naturally isomorphic to the functor constructed in jlOl 4.3]. One should note 
that although [lOl 4.3.2] is stated for homotopy categories coming from stable model categories, 
the proof in |10[ 4.3] can be equally applied to general triangulated categories as well. In other 
words, one has the following generalization of 15.2.11 

Proposition 5.2.3. Suppose T is a triangulated category with infinite coproducts, P G T a 
compact generator, and let tt, ~ IIom7-(P, — )* Suppose that the graded ring ir^P is N-sparse and 
gl.dim7r*P = 1. Then T is equivalent to P(7r,P). 

Remark 5.2.4. According to |101 4.3.1] the equivalence 2?(7r»P) ^ Ho(A^) is even a triangulated 
equivalence. However the present author was unable to follow the argument about Toda brackets 
at the end of [10| 4.3]. We do not know whether the equivalences 15.2.31 and [5T2TT] are triangulated 
or not. 
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5.3. Examples. 

Example 5.3.1 (Complex if-theory) . It is well known to specialists that the derived category 
'D{KU) of the complex i^T-theory spectrum KU is equivalent to the derived category 'D{tt^KU) of 
the homotopy ring 

n^KU ^Z[u,u~'^], \u\ = 2. 

Since -k^KU is 2-sparse and gl.dim7r»i^[/ = 1, one can think of this equivalence as a corollary 
of 15.2.11 Note also that Q,°°KU is not a product of Eilenberg-MacLane spaces. Consequently, in 
view of 14.2.41 there does not exist a zig-zag of Quillen equivalences between the model categories 
'M.od-KU and Mod-Z[w, u^^]. In particular. 

M: V{Z[u,u-^]) — > V{KU) 

can not be derived from a zig-zag of Quillen equivalences. Note that we do not know whether the 
equivalence I)(Z[w, ti~^]) ^ 'D{KU) is triangulated or not. 

Example 5.3.2 (Connective Morava A'-theories) . The connective Morava isT-theory spectrum 
k{n), n > 1, is obtained from the truncated Brown- Peterson spectrum BP{n) by killing the 
regular sequence (p, ui, . . . , Vn-i)- In particular, we have an isomorphism of graded rings 

^,fc(n) =FpK], |i;„| = 2(p"-l). 

As gl.dim7r*fc(n) = 1 and 7r*fc(n) is 2(p" — l)-sparse, the functor 

is an equivalence of categories by 15.2.11 Observe that ^°°k{n) is not a product of Eilenberg- 
MacLane spaces. Therefore, by 14.2.41 the model categories Mod-fc(n) and Mod-Fp[ti„] are not 
connected by a zig-zag of Quillen equivalences. In particular, ^ does not come from a zig-zag of 
Quillen equivalences. 

6. The two dimensional case 
In this section we prove 13.1.41 (iii) and 13.1.51 

6.1. Proof of l3.1.4l (iii). Let X e Ho(X) and suppose proj.dimTr^X < 2. Bv [2X5l and [5X2l 

there are cofibrant objects F^^\ i e Z/iVZ, and a morphism 

such that 7r*F*^*^ are projective, 7r*i^(*) 6 B[i] and 

is an epimorphism. Embed a into a distinguished triangle 

(6.1.1) Y ^V,F«^-^X ^SK 

Since cr induces a surjection on tt*, we have a short exact sequence 

^ 7r,y ^ ei7r*F(*) Tr*X ^ 0. 

As proj.dimTT^AT < 2 and ©ivr^F'*^ is projective, one has 

proj.dimTT^y < 1. 
Combining this with 15.1.21 we get a splitting 

Y = v,y(*) 

in Ro{M), where F^*' e Mcoi, and n^Y^'^ G B[i\, i £ Z/NZ. If we replace Y by V^r**' in ((0T|) . 
we get a distinguished triangle 

v,rw — ^ v,fW -^-^ X — ^ E(v,r«). 
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By Adams spectral sequence 12.2.61 

[rW, i^O)] =0, j + l (mod N), 
since proj.dimTr^y^'^ < 1. Therefore the only possible nontrivial entries of 

are 

y(0 ^ p(i) and ^ F^^\ 

Without loss of generality one may assume that F^"^^ is bifibrant for any i £ Z/NZ. Hence there 
exist morphisms 

k ■■ Y'^'^ and ki : Y^'-^^ F^^ 

in M. whose homotopy classes are and —Pi, respectively. Consequently, we get a diagram 

W: 




in A^, i.e., an object of M.^'^ . We may also assume that W S (A^''")cof (otherwise we could 
replace it cofibrantly) . The homotopy colimit of W is isomorphic to the homotopy coequalizer of 

fe 

where k = Wiki and I = Wili. Therefore, by 12.6.41 one has 

Hocolim W ^ X 

in Ho(7W). On the other hand, clearly, W <E IC. Hence the construction of ^ implies 

6.2. Technical lemmas. In this subsection we prove two lemmas which will be used in the proof 
of [3X5l 

Lemma 6.2.1. Let At, P, tt* and N he as in \3.1.5[ and {C<,,d) be a DG 'K<,P-module and G* a 
DG TTifP-module with zero differential (i.e., a graded n^P-module), and suppose that 

is a DG morphism which induces a monomorphism on homology. Then the Junctor 

SI: V{tt,P) ^Ho(A^) 
sends the antidistinguished triangle (see \2.4^ 

f 



(6.2.2) G, 

to a distinguished triangle. 



C^^Cif) ^G4l] 



Proof. The proof goes in the same way as that of 15.1.41 First we construct a sequence (see 13.5. 1|) 

X ^ Y Z *- X* 

in C {C=IC under the hypotheses of 13.1. 5p which is mapped to a triangle isomorphic to ()6.2.2p 
after applying Q. 

Consider the splitting 

G, -G(")©...©G(^-i), 
in Grmod-7rH<P, where G'^*-' G B[i], i G Z/NZ. In view of 13.2.11 (i). there are cofibrant A^^^-s with 
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Clearly, the diagram 
X: 



X, 



Co 



Xc 




is an object of £ and QiX) = (G+jO). Next, bv l3.3.91 Q{C) = Mod-7r*P since gl.dim7r,P is less 
than — 1. In particular, one can choose a bifibrant 

Y: 




in C such that 

Q{Y) ^ {C,,d). 

It then follows from 13.3.91 that there is a morphism ip : X — > F in £ so that the diagram 

Q{X) QiY) 



■c. 



commutes in Mod-7r*P. Further, as X is cofibrant and Y is fibrant, the morphism ip comes from 
some morphism in tW'™ , denoted by V' as well. Moreover, using the factorization axiom for the 
model category A^''™. we may assume that -0: X — > Y is cofibration A^''™, i.e.. 



Y( 



is a cofibration for any i G 'L/N'L (see 12.5.5)1 . Next, we construct an object in C whose image 
under Q is isomorphic to the algebraic mapping cone C{f). Define Z G A^''" by 



Zc,=CXc,_,yYc 



Xc. V Yf 



Yt, 



Pi 



z, 



0' 



where 



and e, : X, 







C(-) = (/,0)A-, 

CX^. , i E Z/iVZ, is the canonical map. Thus, the diagram Z looks as follows: 



Ao 




As X and Y are cofibrant and -0 : X — > y is a cofibration, it follows that Z G (A^''" )cof . Further 



/3> 



■ TTt,Z, 



is a monomorphism since / induces a monomorphism on homology. Besides, obviously, tt^Z^. and 
7r»Zf; are objects of B[i]. Consequently, one gets Z E C. The construction of Q immediately 
implies that 

Q{Z) = C{f) 

in Mod-TT^P. 
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The diagram Z comes with two obvious morphisms Y — > Z and Z — > X'^ in Ad^'^ . Hence 
we get a sequence 



X 



Y 



X* 



(6.2.3) 

in C. It is immediate from the construction of Q that the triangle 

^Q{Z) ^ QiX*) ^ Q{X)[1] 



Q{X) Q{Y) 



is isomorphic to (|6.2.2[) (the sign appears by the same reason as in I5.1.4P . On the other hand, 
applying the functor Hocolim to (|6.2.3p (X, F, Z are cofibrant) one obtains the elementary 
distinguished triangle 



■ Cone(colim 



colim V' 

colim X ^ colim Y ■ 



Now the desired result follows from the construction of □ 
Lemma 6.2.4. Let M, P, N be as in \3.1.5\ Suppose that the triangle 



A colim X. 



(6.2.5) 



M' 



is antidistinguished in V{t:^P), and assume that proj.dim_ff,A/' < 1 and H^{l) is a monomor- 
phism. Then the triangle 



^(M') 



.^(F) ^i^^(M) ^^^(M'[l]) T.M{M') 



is distinguished in Ho(A^). 

Proof. Bv l5.1.ll since proj.dim_ffH.A/' < 1, one has 

M' ^ HM' 

in 'D{tt^P), where H^,M' is regarded as a differential graded 7r*P-module with zero differential. 
Therefore, the triangle (j6.2.5p is isomorphic to an antidistinguished triangle 



M- 



Without loss of generality we may assume that M is cofibrant in Mod-7r*P. Then the last 
morphism in the latter triangle comes from some morphism ip: M — > H^M'[1\ of differential 
graded modules and, by the triangulated category axiom (T3), one has a triangle isomorphism 



incl 



I 

I ^ 
Y 



M- 



-d[-i\ 



M- 



in I?(7r*P) (see I2.4.8p . On the other hand, the same axiom shows that the lower triangle is 
ismorphic to 



■ C(incl) 



-9 



Thus the triangle (|6.2.5p is isomorphic to an antidistinguished triangle of the form (|6.2.2p from 
16.2.11 This completes the proof. □ 
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6.3. Proof of I3.1.5i It remains to check that M is fully faithful when restricted to the full 
subcategory of at most two dimensional objects. We now verify a more general fact. Namely, we 
show that for M G D{tt^,P) with proj. dim i/*M < 2 and any M' € T>{tt^,P), the morphism 

^: [M,M'] ^ [^(M),^(A/')] 

is an isomorphism. Indeed, by I2.2.5[ we may choose F e 'D{ti^P) and a: F — > M so that 
is projective and H^(a) an epimorphism. Embed a into a distinguished triangle 

Y ^ F M ^ Y[l]. 

As a induces a surjection on one has a short exact sequence 

^ H^Y ^ H^F HM ^ 0. 

It then follows that 

pro j. dim i7*y < 1 

since proj.dimiJ^M < 2 and H^,F is projective. Therefore, bv 16.2.41 the triangle 

^(y) — ^ <^{F) M{M) — ^ M{Y[i]) ^ 

is antidistinguished. In particular, if we apply [~,^{M')] to this triangle, we get a long exact 
sequence. Moreover, ^ induces a morphism of long exact sequences 



[F[l 



M'] ^ [Y[1],M'] ^ [A/, M'] ^ [F, M'] ^ [Y, M'] 



Si 



\SliF\\\),Sf{M')\ ^ [.«(y[l]),.^(M')] ^ [.!^(M),,«(M')] *- {Sf\F),m{M')\ ^ [,?^(y),.i«(M')]. 

Bv l2.2.5l (i). the first and fourth morphisms in the diagram are isomorphisms. Besides, the proof 
in Subsection 15.21 shows that so are the second and last one. Consequently, by the five lemma. 



^: [M,M'] ^ [^(M),^(Af')] 

is an isomorphism. □ 

Remark 6.3.1. Let M, P and N be as in 13. 1.41 Franke in [3 2.2, Proposition 2] claims that for 
any distinguished triangle 

M — ^ A/' M" M[l] 

in 2?(7r,P) with H^{f) a monomorphism, the triangle 

^(M) .^{M') M{M") ^^.^{M[l]) ^ E^(Af) 

is (anti)distinguished in IIo(A^). If this was so, then one could prove (similarly to the proofs of 
13X1(11) and l3.1.5p that under the hypotheses of lXOl 

^: V{Tr,P) ^Ho(X) 

is fully faithful. Moreover, using the claim, one can also check that ^ is essentially surjective and 
thus an equivalence of categories. However, as far as the present author can see, the proof of [71 
2.2, Proposition 2] seems to contain a gap. The point is that the arguments given in [T) 2.2], show 
that the sequence 

^(Af ) J^{M') .^{M") 

is a part of some distinguished triangle, but do not say anything about why exactly the morphism 

makes this sequence into an (anti)distinguished triangle. 

We were unable to fill this gap in the general setting. Although we managed to do this in low 
dimensional cases and thus obtained the statements of 13. 1.41 and 13.1.51 
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Note that in particular, we do not know whether the functor 

is triangulated in general or not. 
6.4. Examples. 

Example 6.4.1 (Real connective A'-theory localized at an odd prime). Consider fco(p), the real 
connective /\ -theory spectrum localized at an odd prime p. The ring isomorphism 

implies that gl.dimTr* fco(p) = 2 and 7r*A:o(p) is 4-sparse. Thus [T71.3I can be applied to A:o(p) and 
therefore we conclude that the functor 

M: I?(Z(p)H) -I?(fco(p)) 

is an equivalence of categories. Note that il°°fco(p) is not a product of Eilenberg-MacLane spaces. 
Hence, in view of 14.2.41 there does not exist a zig-zag of Quillen equivalences between the model 
categories Mod-fco(p) and Mod-Z(p)[a;]. In particular, the functor 

I?(Z(p)M) ^P(fco(p)) 

can not be derived from a zig-zag of Quillen equivalences. 

Example 6.4.2. The truncated Brown-Peterson spectrum BP{1) for an odd prime p satisfies the 
assumptions of 11.1.31 Indeed, there is a ring isomorphism 

7r,SP(l) 9^Z(p)H, |«i|-2(p-l), 

and gl.dimZ(p) [vi] = 2 and 2{p — 1) > 4. Thus, the functor 

^: 2?(Z(p)[z;i]) ^2?(BF(1)) 

is an equivalence of categories. Next, as mentioned above, n°°BP{l) is not a product of Eilenberg- 
MacLane spaces. Therefore, bv 14.2.41 the model categories Mod-_BP(l) and Mod-Z(p)[wi] can 
not be connected by a zig-zag of Quillen equivalences. In particular, 2?(Z(p) [vi]) — 'D{BP{1)) 
is not derived from a zig-zag of Quillen equivalences. 

Example 6.4.3. Another ring spectrum to which [TTl.31 applies is the Johnson- Wilson spectrum 
E{2) for an odd prime p. This follows from the ring isomorphism 

7r,£;(2) =Z(p)[«i,z;2,W2-'], |fi|=2(p-l), \v2\ = 2{p' - I) , 

since gl.dimZ(p') [wi, ^^2^^] = 2 and 2{p — 1) > 4. Further, as in the two previous examples, 
Q,°°E{2) is not a product of Eilenberg-MacLane spaces and therefore, bv 14.2.41 there is no zig-zag 
of Quillen equivalences between the model categories Mod-i?(2) and Mod-Z(p) [i;!, z;2, w^^]. In 
particular, the equivalence I?(Z(p) [wi, W2, w^^]) — > 'D{E{2)) does not come from a zig-zag of 
Quillen equivalences. 

Finally, we would like to conclude the paper with the following 

Remark 6.4.4. As noted above. [5.1.71 and 13.1.81 are corollaries of II. 1.11 and 11.1.21 respectively. 
However, one can also give independent and purely algebraic proofs of 13.1.71 and 13.1.81 as well. 
The main idea is the same as in the proofs of 13.1.41 and 13.1.51 but in this special case one can 
use various algebraic constructions which are easier (compared to their topological counterparts) 
to deal with. Indeed, instead of the cone construction 12.431 we can apply the algebraic mapping 
cone construction of 12.4.81 Further, the mapping spaces in p.3.5p can be replaced by the internal 
Hom-coniplexes. Next, since any cofibration in Mod-A is a split monomorphism of underlying 
graded modules, the right vertical arrow in (13.3.5^ becomes an epimorphism and thus p. 3.51) leads 
to a short exact sequence of chain complexes. Clearly, the resulting long exact homology sequence 
plays the role of the Mayer- Vietoris sequence. Then, the verification of the identity qd = h m. 
(13.3.6P can be done by explicit algebraic calculations with homology classes. Finally, the long 
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exact sequence of the homotopy coequalizer (j3.3.1ip becomes the long exact homology sequence 
of 

^ ®rXp^ -!-^ ®^XQ^ ^ cohmX ^ 0. 

The other points of the proofs of 13.1.41 and 13.1.51 are more or less formal and can be directly 
used in the algebraic setting as well. 
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